Spin-Caloritronic Batteries by Yu, Xiao-Qin et al.
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
General rights 
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners 
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights. 
 
• Users may download and print one copy of any publication from the public portal for the purpose of private study or research. 
• You may not further distribute the material or use it for any profit-making activity or commercial gain 
• You may freely distribute the URL identifying the publication in the public portal  
 
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately 
and investigate your claim. 
   
 
Downloaded from orbit.dtu.dk on: Dec 20, 2017
Spin-Caloritronic Batteries
Yu, Xiao-Qin; Zhu, Zhen-Gang; Su, Gang; Jauho, Antti-Pekka
Published in:
Physical Review Applied
Link to article, DOI:
10.1103/PhysRevApplied.8.054038
Publication date:
2017
Document Version
Publisher's PDF, also known as Version of record
Link back to DTU Orbit
Citation (APA):
Yu, X-Q., Zhu, Z-G., Su, G., & Jauho, A-P. (2017). Spin-Caloritronic Batteries. Physical Review Applied, 8(5),
[054038]. DOI: 10.1103/PhysRevApplied.8.054038
Spin-Caloritronic Batteries
Xiao-Qin Yu,1 Zhen-Gang Zhu,1,2,5,* Gang Su,2,3,5,† and A.-P. Jauho4,‡
1School of Electronic, Electrical and Communication Engineering,
University of Chinese Academy of Sciences, Beijing 100049, China
2Theoretical Condensed Matter Physics and Computational Materials Physics Laboratory,
College of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China
3Kavli Institute of Theoretical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China
4Center for Nanostructured Graphene (CNG), DTU Nanotech,
Department of Micro- and Nanotechnology, Technical University of Denmark,
DK-2800 Kgs. Lyngby, Denmark
5CAS Center for Excellence in Topological Quantum Computation,
University of Chinese Academy of Sciences, Beijing 100190, China
(Received 4 May 2017; revised manuscript received 9 August 2017; published 20 November 2017)
The thermoelectric performance of a topological energy converter is analyzed. The H-shaped device is
based on a combination of transverse topological effects involving the spin: the inverse spin Hall effect and
the spin Nernst effect. The device can convert a temperature drop in one arm into an electric power output in
the other arm. Analytical expressions for the output voltage, the figure of merit (ZT), and energy-
converting efficiency are reported. We show that the output voltage and the ZT can be tuned by the
geometry of the device and the physical properties of the material. Importantly, contrary to a conventional
thermoelectric device, here a low electric conductivity may, in fact, enhance the ZT value, thereby opening
a path to strategies in optimizing the figure of merit.
DOI: 10.1103/PhysRevApplied.8.054038
I. INTRODUCTION
Conventional thermoelectric (TE) energy converters can
be used for recycling waste heat through the Seebeck effect
converting the heat current into electric power, or, reversely,
be used for TE cooling through the Peltier effect [1,2]. The
efficiency of TE can be characterized by the dimensionless
figure of merit [3] ZT ¼ ðS2σT=κÞ, where S is the Seebeck
coefficient, T indicates absolute temperature, and σðκÞ is
the electrical (thermal) conductivity. κ has contributions
from both electrons and phonons. To optimize the effi-
ciency, S and σ should be maximized, and κ has to be
minimized. However, σ usually has a similar dependence
on external parameters as κ. For example, decreasing
disorder leads to a larger electrical conductivity, but also
κ tends to increase at the same time. Increasing σ by a
higher charge carrier concentration is usually counteracted
by a decreasing Seebeck coefficient S. The conventional
strategies to optimize the ZT are based on an attempt to
control the electrical conductivity and thermal conductivity
separately: One tries to find a material in which electrical
conductivity is high but the thermal conductivity (mostly
due to phonons) is low. Owing to the mutual interdepend-
ence of the three coefficients (S, σ, κ), it is a daunting
challenge to achieve simultaneous optimization in a single
material [4]. In the last 20 years, strategies have focused on
breaking this entanglement [5], giving a doubling of the
efficiency of the laboratory materials. By careful nano-
engineering, it is possible to design devices which have
a high electrical conductance and a low thermal con-
ductance (see, e.g., Ref. [6]), but the scalability of these
devices is challenging. In spite of the progress, the
efficiency of TE devices still remains too low for wide-
spread applications.
Spin caloritronics [4,7–12], which is an extension and
combination of spintronics and the conventional thermo-
electrics, has recently emerged as a research area. Here, a
particular focus is on the interplay between a temperature
gradient and spins, and effects are discovered which
provide a promising platform for improving the thermo-
electric performance. Energy converters based on spin
caloritronics are devised and have, conceptually, advan-
tages over the conventional TE devices. The spins, which
behave essentially as an angular momentum, can be
manipulated or affected by external magnetic field, ferro-
magnetic materials, and spin-orbit coupling (SOC). The
heat, on the other hand, is mainly carried by phonons which
do not carry angular momentum. Therefore, the two main
components of spin caloritronics can, in principle, be
controlled independently. This is a great advantage and
may lead to high efficiencies for an appropriately designed
energy converter.
The spin Seebeck effect has been investigated earlier as
the driving mechanism in an energy converter [13,14]. In
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2015, we studied the spin Nernst effect (SNE) and proposed
an H-shaped device [Fig. 1(a)] based on monolayer group-
VI dichalcogenides (TMDCs) [15] to generate pure spin
currents. Because of the SOC in the material and the SNE, a
pure transverse spin current can be produced when applying
a temperature gradient in the right arm of the device. The
spin current can be injected into the left arm through the
horizontal bridge. The injected spin current can be converted
into a voltage drop along the left arm due to the inverse spin
Hall effect (ISHE). We show that the voltage drop can be
expressed as ΔVISHE ¼ −ðσSH=σ2Þð2e=ℏÞαspinn ΔT, where
σSH is spin Hall conductivity. In this paper, we show that this
device can also function as a two-dimensional thermal
battery, where the temperature difference is converted into
an electrical power output. In contrast to the conventional
TE devices, the mechanisms involved here are two spin-
dependent effects, i.e., the SNE and ISHE, rather than the
conventional Seebeck effect. We evaluate the expected
device performance, the energy-converting efficiency, and
the figure of merit ZT. We show that the output voltage and
the ZT can be tuned by the geometrical shape and material
parameters. We believe that this flexibility in controlling the
ZT can be utilized in realistic applications.
II. SYSTEM AND COMPUTATIONAL DETAILS
For a temperature gradient along the right arm
[x direction in Fig. 1(a)], the spin current density jSy along
the y direction and the charge- (heat-) current density jcx
(jQx ) along the x direction in the right arm are given in the
linear-response regime as [7,16–19]
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where the subscript “r” refers to the right arm, θSHr ¼
σSHr=σr is the spin Hall angle, and σSHr is the spin Hall
conductivity. κr, Sr, and αSxy are the thermal conductivity,
Seebeck coefficient, and spin Nernst coefficient, respec-
tively. In an open circuit, there is no charge-current density
in the x direction, i.e., jcx ¼ 0. Therefore, the electrochemi-
cal potential difference ∂xμcr is determined by the spin
electrochemical potential difference ∂yμSr and the temper-
ature gradient ∂xT, leading to
 2e
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The spin electrochemical potential μSr is determined by
the spin-diffusion equation [20,21] ∇2μSr ¼ ðμSr=λ2rÞ,
where λr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Drτr;SF
p
is the spin-diffusion length, τr;SF is
the spin-flip relaxation time [20], and Dr ¼ μmv2F=2
is the charge diffusion constant determined by mobility μ,
the effective mass m, and the Fermi velocity vF ≃
5.336 × 105 m=s. The spin-flip relaxation time in MoS2 is
found to be larger than nanoseconds (10–100 ns) from both
theory [22] and experiments [23–25]. We use μ ¼
400 cm2 V−1 s−1 [26] and m ¼ 0.54 m [27] for the hole.
Thus, the spin-diffusion length of monolayer MoS2 is found
to be in the range of 6–60 μm. Since sz is a good quantum
number [28], a relatively longer spin-relaxation length can be
expected coinciding with the experimental observations.
As shown in Fig. 1(b), we divide the right (left) arm
into three regions. Owing to different boundary conditions
(c)(b)
(a)
H
H
FIG. 1. (a) A schematic of the spin Nernst effect generator
(H-shaped device) based on the ISHE. The spin current Js
generated in the right arm by a temperature gradient is injected
into the left arm through a horizontal bridge and then converted
into a charge current Jc in the x direction by the ISHE. (b) The
effective computational model. (c) The equivalent circuit for the
SNE-based generator: The electromotive force (emf) generated
by the combination of the ISHE and SNE in the device is
connected to a load resistance Rload. The emf is equivalent to a
battery with output voltage ðAH=GHÞΔT and internal resistance
RH ¼ 1=GH. Here, GH and AH are the charge conductance and
the Nernst conductance of the system given in Eq. (D2).
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along the y direction for regions ΩR2 and ΩR1ðΩR3Þ, the
temperature gradient in each region instead of the entire
right arm is assumed uniform in the linear-response regime.
The total temperature difference between the ends of the
right arm is ΔT ¼ ðL − L1=2Þð∂x1T þ ∂x3TÞ þ L1∂x2T,
where ∂x1T is derived to be the same as ∂x3T (see
Appendix A for a detailed discussion). For fixed bounda-
ries in the open-circuit case, the spin current flowing in one
direction will be balanced by a backflow of spin current in
the opposite direction, which leads to zero spin current and
spin accumulation at these boundaries. The heat current
JQx ¼
R
0
−wr j
Q
x dy is uniform in the entire right arm. Thus, the
boundary conditions are
jSyiðy ¼ −wrÞ ¼ 0; i ¼ 1; 2; 3;
jSy2ðy ¼ 0Þ ¼ jSyb;
jSyjðy ¼ 0Þ ¼ 0; i ¼ 1; 3;
JQx1 ¼ JQx2 ¼ JQx3; ð3Þ
where jSyb is the spin current density in the bridge region
and is determined below. The bridge is assumed to be
shorter than the spin-flip length so that the spin current
density can be viewed as spatially independent. With these
conditions, the spin accumulation μSri and the temperature
gradients ∂xiT in each region are linear functions of the
temperature difference ΔT and the spin current jSyb in the
bridge (see Appendix A for a detailed discussion). The heat
current becomes
JQx ¼

−κrwr þ 2ξrζr tanh
wr
2λr

ΔT
L
þ 4e
2
ℏ
L1ζrλr tanh
wr
2λr
LΘσr
jSyb; ð4Þ
where Θ¼θ2SHrþ1, ζr¼−f½θSHrσrSrþð2e=ℏÞαSxyT=2eg,
and ξr ¼ f½θSHrσrSr þ ð2e=ℏÞαSxy2λre=Θσrg.
When a spin current is injected into the left arm through
the bridge, a charge current jcx is induced along the x
direction owing to the ISHE, which, in turn, reduces the
spin current jSy due to the spin Hall effect (SHE). In the
linear-response regime,

jcx
2e
ℏ j
S
y

¼ σl

1 θSHl
−θSHl 1
 −∂xμcl =e
−∂yμSl =2e

; ð5Þ
where σl is the electrical conductivity of the left arm, μcl ¼
ðμ↑l þ μ↓lÞ=2 is the electrochemical potential, and μSl
means the spin electrochemical potential of the left arm.
In the linear-response regime, the induced voltage drop in
each region can be assumed to be uniform, which yields
ΔV ¼ ðL1 − L=2eÞð∂xμcl1 þ ∂xμcl3Þ − ðL1=eÞ∂xμcl2, where
ΔV ¼ Vjx¼0 − Vjx¼L. Analogously, the spin accumulation
μSli also obeys the spin-diffusion equation, i.e.,∇2μSl ¼ μSl =λ2l , where λ2l is the spin-diffusion length
of the left arm. By using the boundary condition
jSyðy¼dþwlÞ¼0 (all regions Ωl1;Ωl2;Ωl3), jSyðy¼dÞ¼0
(regions Ωl1 and Ωl3), jSyðy ¼ dÞ ¼ jSyb (region Ωl2), and
the uniform charge current Jcx ¼
R wlþd
d j
c
xdy in the entire
left arm, μSl2=∂xμcli can be expressed as linear functions of
ΔV and jSyb. The relation between the charge current Jcx and
the voltage drop along the left arm becomes (details can be
found in Appendix B)
Jcx ¼
Z
wlþd
d
jcxdy ¼
ΔVσl
L

wl þ 2θ2SHlλl tanh
wl
2λl

þ L1
L
θSHlλl tanh

wl
2λl

2e
ℏ
jSyb: ð6Þ
To obtain an optimal output, spin coherence should be
preserved in the bridge. The SOC is the main source of spin
relaxation in a material. Nevertheless, the sz is a good
quantum number in the TMDCs. In addition, owing to the
strong spin and valley coupling at the valence-band edges,
only atomic scale magnetic scatters lead to spin flip [28]. In
the case of a short bridge operating in the ballistic regime,
the spins are expected to be conserved. We also assume that
the spin-diffusion length is larger than the length of the
bridge such that there is no spin accumulation in the
bridge, μsjy¼0 ¼ μsjy¼d.
With known μsjy¼0 (μsjy¼d), the spin current jSyb can be
determined as a function of the temperature gradient ΔT of
the right arm and the voltage drop ΔV generated in the left
arm [see Eq. (C1)]. Then, the relation between various
currents and effective forces can be summarized as

Jc
JQ

¼ GH
 
1 AHGH
ΠH
KH
GH
þ AHGHΠH
! ΔV
−ΔT

: ð7Þ
GH ¼ ðJc=ΔVÞΔT¼0 is the effective charge conductance
of the system, KH ¼ −ðJQ=ΔTÞJc¼0 is the effective
heat conductance for an open electric circuit, AH ¼
−ðJc=ΔTÞΔV¼0 represents nonlocal Nernst conductance,
ΠH ¼ ðJQ=JcÞΔT¼0 is a nonlocal Peltier coefficient, and
SH ¼ ðΔV=ΔTÞJc¼0 denotes a nonlocal Seebeck coeffi-
cient of the system. Here, “nonlocal” is used because of the
spatial decoupling of the heat current JQ in the right arm
and charge current Jc in the left arm. For an ordinary Peltier
coefficient and Seebeck coefficient, the four parameters
(JQ, Jc, ΔT;ΔV) are defined in the same spatial region.
Explicit expressions for the various coefficients (GH, KH,
AH, ΠH, SH) are given in Eq. (D2).
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III. RESULTS AND DISCUSSION
A. The voltage output
In the open-circuit case, Jc ¼ 0 and the voltage drop is
Vopen ¼ ðAH=GHÞΔT. Vopen depends on the widths of the
arms of the device, as shown in Figs. 2(a) and 2(b).
A maximum value is attained for a certain range of the
geometric parameters (the dark red regions). In the two
limits of wl → 0 or wl → ∞, Vopen tends to zero, as
expected. In the latter case, spin coherence is not preserved.
At a fixed wl=λl, Vopen varies monotonically with wr=λr
tending to a constant value [see Fig. 2(a)]. There is no
explicit and severe restriction on the width of right arm (wr)
for optimizingVopen by constraining only the ratio ofwr=λr.
Figures 2(c) and 2(d) show the variation of Vopen with
different material quantities. A larger Vopen can be obtained
by increasing the αSxy of the right arm and the spin Hall
angle θSHl. Consider now a varying dilute nonmagnetic
disorder in the left arm, which strongly affects the longi-
tudinal conductivity, while the spin Hall conductivity σSHl
is essentially unchanged (because the spin Hall effect is
of topological origin and is protected against such disorder,
as long as spin coherence is maintained). Changing the
doping, thus, provides a technologically viable way to
optimize the output voltage in the device. The spin-
diffusion length of the left arm, however, will also be
reduced with increasing doping level owing to the decreas-
ing mobility. Thus, one should ensure wl is of the order of
the spin-relaxation length when optimizing the output
voltage through doping dilute nonmagnetic disorder into
the left arm. This demand of the length of left arm can be
guaranteed since the lithography resolution can already
reach 25 nm [32].
On the other hand, the impact of varying the thermal
conductivity κr is insignificant [inset in Fig. 2(c)]. We also
observe that even in the absence of the SNE, there is still
nonzero Vopen [Fig. 2(c)], which can be ascribed to the
combination of the SHE and Seebeck effect (the extra term
θSHrσrSr) in Eq. (2) in the right arm. The extra term has the
following meaning. When a temperature gradient is applied
to the right arm, an electric field is induced along the
direction of the temperature gradient owing to the conven-
tional Seebeck effect. The generated electric field will
induced a transverse spin current through the SHE, which is
superpositioned to the one generated via the SNE. This
superposition explains the finite Vopen even at zero αSxy.
Finally, the spin current injected into the left arm induces
Vopen along the arm direction. From this perspective, the
combined effect can be viewed as a generalized SNE.
B. The figure of merit ZTH of the H-shaped device
Figure 1(c) shows the equivalent circuit for the proposed
device. The output power P of the device is
P ¼ ðVopen − RHJcÞJc ¼ Jc
AH
GH
jΔTj − J2cRH; ð8Þ
where RH is the internal resistance of the SNE-based
device, and RHJ2c is the Joule heating produced by the
electric current flowing through the internal resistance.
Based on Eq. (7), the averaged heat current JQ in the right
arm can be given as a function of Jc,
JQ ¼
AH
GH
TJc þ KHjΔTj;¼ eHTJc þ KHjΔTj: ð9Þ
Compared to the formula for the conventional TE generator
(the charge Seebeck effect) [3], the term due to the Joule
heating is absent in Eq. (9). This makes sense since there is
no charge current flowing along the right arm. Thus, the
power-conversion efficiency ηSNE can be obtained as a
function of Jc:
ηSNEðJcÞ ¼
P
JQ
¼
Jc
AH
GH
jΔTj − J2cRH
AH
GH
TJc þ KHjΔTj
: ð10Þ
The maximum efficiency is reached at the optimal Joptc
given by
Joptc ¼
jΔTj AHGH
RH þ Roptload
; Roptload ¼ RH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðZTÞH
p
ð11Þ
(a)
(c) (d)
(b)
SS
FIG. 2. (a) The voltage drop Vopen as a function of wl=λl and
wr=λr. (b) The voltage drop Vopen as a function of wlλl and λr=λl.
(c) Vopen versus the spin Nernst coefficient αSxy at two different
thermal conductivities. Inset: Vopen versus thermal conductivity.
(d) Vopen versus the spin Hall angle θSHl of the left arm at different
temperature differences at the two ends of the right arm. Here,
θSHr ¼ 0.83, Sr ¼ 250 μVK [29], ðL1=LÞ ¼ 0.5, T ¼ 300 K,
and ΔT¼4K. Parameters wr=λr¼6, λr=λl¼1.0, αSxy¼0.18αS0
[αS0 ¼kB=8π] [15], κr¼20W=mK [30], θSHl ¼ 0.83, and σSHl ¼
1.16π × 10−2e2h−1 [31] are fixed in the other three figures. Here,
all material parameters are taken for a monolayer MoS2.
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and has the value
ηmaxSNE ¼
jΔTj
T
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðZTÞH
p
− 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðZTÞH
p þ 1 : ð12Þ
This is a monotonically increasing function of the figure of
merit ðZTÞH. The ZT value for the present device is
ðZTÞH ¼
ðAHÞ2
KHGH
T ¼ ðSHÞ
2GH
KH
T; ð13Þ
where SH is the effective Seebeck coefficient of the
H-shaped device. The ZT has a similar expression as that
of a conventional energy converter. Using the explicit
expressions for ðZTÞH given in Eq. (D14), we can find
the optimal dimensions of the device, which are described
by the relation of wl and wr and derived from the solutions
of the following transcendental equations
cosh

wl
λl

− 2

wl
λl

coth

wl
2λl

¼ 2θ2SHl − 1;
cosh

wr
λr

− 2

wr
λr

coth

wr
2λr

¼ 2b2r − 1; ð14Þ
where br ¼ Θ−1=2½ð2e=ℏÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðαSxy2T=σrκrÞ
q
þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðS2rσ2SHrT=σrκrÞ
p
. The optimal ZToptH of the device
can be enhanced by increasing θSHl ¼ ðσSHl=σlÞ and br
[Fig. 3(a)], which can be realized by increasing the
parameters (αSxy, σSHl) and decreasing the parameters
(κr, σl,). With br, θSHl, and θSHr fixed, there exists an
optimal value of the ratio ðλrσl=λlσrÞ ≈ 1, which yields
the largest ZToptH [see Fig. 3(b)]. For the case λr ≃ λl, the
conductivity of the right arm should be close to that of the
left arm to optimize the device. When examining the ZT
value, the present device is not superior to the best
traditional devices. The ZT of the proposed device can
be larger than 0.008, which is larger than that of a spin
Seebeck power generator based on the ISHE (ZT ∼ 10−4)
[14]. With the optimized structure and load resistance, ZT
can still be enhanced either by increasing the spin Nernst
coefficient of the right arm and spin Hall conductivity of the
left arm or by decreasing the charge conductivity and
thermal conductivity. It should be mentioned here that the
present ZT and that in Ref. [14] are both derived in a
conventional way by considering the energy conversion
from heat to electric power, which differs from the
proposed spin analog of ZT.
IV. CONCLUSION
In summary, we study the performance of a two-
dimensional energy generator based on the concerted effect
of the SNE and ISHE. We find that the performance
depends not only on the properties of the materials and
the geometry but also on the matching of the load
resistance. It is remarkable that the thermal properties
(i.e., thermal conductivity) have little impact on the output
voltage. It is interesting to note that contrary to the
conventional TE energy converter, a low charge conduc-
tivity enhances the ZTH here. This makes it possible to
optimize the electrical conductivity, thermal conductivity,
and Seebeck coefficient simultaneously in a single material.
In addition, the heat current in the right arm and the charge
current in the left arm are spatially decoupled, which
excels the conventional TE. The properties of the material
in different arms can be manipulated independently.
We also speculate that through the inverse effect (spin
Ettingshausen effect), the device can also function as a
spin-based thermoelectric refrigerator when the applied
temperature gradient is replaced by an external applied
voltage.
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APPENDIX A: LINEAR TRANSPORT
PROPERTIES IN THE RIGHT ARM
The linear equation in the right arm of the H-shape is
given in Eq. (1). Because there is no charge-current density
in the x direction, i.e., jcx ¼ 0, the charge electrochemical
potential difference ∂xμc in the x direction is found to be
−∂xμc=e ¼ θSHr∂yμs=2eþ Sr∂xT, which produces
H
H
FIG. 3. (a) ZToptH as a function of θSHl and br. (b) ZT
opt
H as a
function of the ratio λrσl=λlσr for different θSHl and br, for
θSHr ¼ 0.15, and ðL1=LÞ ¼ 0.8. In (a), λrσl=λlσr ¼ 1.0
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2e
ℏ
jSy ¼ Θσr

−
∂yμs
2e

−

θSHrσrSr −
2e
ℏ
αSxy

∂xT;
jQx ¼

θSHrSrσrT þ
2e
ℏ
αSxyT
∂yμs
2e

− κr∂xT; ðA1Þ
where Θ ¼ θ2SHr þ 1. After arrangement, one can get
 2e
ℏ j
S
y
jQx

¼
 Θσr ϒ
−ϒT κr
−∂yμs=2e
−∂xT

; ðA2Þ
where ϒ ¼ θSHrσrSr þ ð2e=ℏÞαSxy. This is Eq. (2) in the
main text, except here using Θ ¼ θ2SHr þ 1. The spin
electrochemical potential μSr in the y direction obeys the
spin-diffusion equation ∂2yμSr ¼ ðμSr=λ2rÞ, which gives
μSr ¼ Areð−y=λrÞ þ Breðy=λrÞ, where λr is the spin-diffusion
length of the right arm. Thus, the heat current JQx is found
to be
JQx ¼
Z
0
−wr
jQx dy
¼ ζrðeð−wr=λrÞ − 1Þ ð−Are
ðwr=λrÞ þ BrÞ þ κrwrð−∂xTÞ;
ðA3Þ
where ζr ¼ −f½(θSHrSrσr þ ð2e=ℏÞαSxy)T=2eg. The right
arm is divided into three regions ΩR1;2;3 (see the main text),
and the temperature gradient of each region is assumed to
be uniform (namely, ∇2T ¼ 0) and labeled as ∂xiT, where
i ¼ 1, 2, 3 indicates the corresponding region. Hence, one
can find
T3 − T4 ¼ L−L12 ∂x1T;
T2 − T3 ¼ L1∂x2T;
T1 − T2 ¼ L−L12 ∂x3T;
ðA4Þ
where T4, T3, T2, T1 represent the temperatures for
x ¼ 0,ðL − L1=2Þ; ðLþ L1=2Þ; L, respectively. In addi-
tion, ΔT ¼ T1 − T4 (or ¼ Tcold − Thot) is the temperature
difference of the two ends of the right arm. It is intuitive to
obtain
ΔT ¼ L − L1
2
ð∂x1T þ ∂x3TÞ þ L1∂x2T: ðA5Þ
For the bound boundaries in the open-circuit case, the spin
current-density conservation at the boundaries y ¼ 0ð−wrÞ
gives jSyðy ¼ −wrÞ ¼ 0 (all regions) and jSyðy ¼ 0Þ ¼ 0
(regions ΩR1;3) but jSyðy ¼ 0Þ ¼ jSyb in region ΩR2. jSy is an
undetermined parameter (the concrete formula is deter-
mined following) denoting the spin current density of the
bridge region in the y direction. Thus, we obtain
−Ari þ Bri ¼ ξrð−∂xiTÞ; where i ¼ 1; 3;
Arjeðwr=λrÞ − Brje−ðwr=λrÞ ¼ ξr∂xjT; where j ¼ 1; 2; 3;
Ar2 − Br2 − ξrð∂x2TÞ ¼ λrΘσr
4e2
ℏ j
S
yb;
ξr ¼
ðθSHrσrSr þ
2e
ℏ
αSxyÞ2λre
Θσr
: ðA6Þ
Meanwhile, the heat current (JQx ¼
R
0
−wr j
Q
x dyÞ conserva-
tion at the boundaries x1 ¼ ðL − L1=2Þ½x2 ¼ ðLþ L1=2Þ,
giving JQx jxþ
1
¼ JQx jx−
1
and JQx jxþ
2
¼ JQx jx−
2
. Combining with
Eq. (A3) yields
ðAr1 − Ar2Þð1 − eðwr=λrÞÞ þ ðBr1 − Br2Þð1 − e−ðwr=λrÞÞ
¼ κrwr
ζr
ð∂x2T − ∂x1TÞ;
ðAr2 − Ar3Þð1 − eðwr=λrÞÞ þ ðBr2 − Br3Þð1 − e−ðwr=λrÞÞ
¼ κrwr
ζr
ð∂x3T − ∂x2TÞ: ðA7Þ
The coefficients Ar1, Br1, ∂x1T can be proved to be equal to
Ar3, Br3, ∂x3T, namely, the spin electrochemical potential
distribution and temperature gradient in the region ΩR1 is
equal to that in region ΩR3. The following is the detail.
Based on Eq. (A6), we can have
Ar1 ¼ ξr1þeðwr=λrÞ ð∂x1TÞ; Br1 ¼ ξr1þeðwr=λrÞ eðwr=λrÞð−∂x1TÞ;
Ar3 ¼ ξr1þeðwr=λrÞ ð∂x3TÞ; Br3 ¼ ξr1þeðwr=λrÞ eðwr=λrÞð−∂x3TÞ:
ðA8Þ
The relations in Eq. (A7) give rise to
ðAr1 − Ar3Þð1 − eðwr=λrÞÞ þ ðBr1 − Br3Þð1 − e−ðwr=λrÞÞ
¼ κrwr
ζr
ð∂x3T − ∂x1TÞ: ðA9Þ
Taking A1, B1, A3, B3 in Eq. (A8) into the above equation,
we get
2ξrζrðeðwr=λrÞ − 1Þ
ðeðwr=λrÞ þ 1Þ ð∂x3T − ∂x1TÞ ¼ κrwrð∂x3T − ∂x1TÞ:
ðA10Þ
Owing to ½2ξrζrðeðwr=λrÞ − 1Þ=ðeðwr=λrÞ þ 1Þ ≠ κrwr, we
can obtain
∂x3T ¼ ∂x1T ⇒

Ar1 ¼ Ar3;
Br1 ¼ Br3:
ðA11Þ
After some algebra, one obtains six equations with six
independent coefficients:
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Ar1 −
ξr
1þ eðwr=λrÞ ∂x1T ¼ 0; Br1 þ
ξr
1þ eðwr=λrÞ e
ðwr=λrÞ∂x1T ¼ 0; −eðwr=λrÞAr2 þ e−ðwr=λrÞBr2 ¼ −ξr∂x2T;
Ar2 − Br2 − ξrð∂x2TÞ ¼ λrΘσr
4e2
ℏ
jSyb;
L − L1
2
ð∂x1T þ ∂x3TÞ ¼ ΔT − L1∂x2T;
κrwrð∂x2T − ∂x1TÞ ¼ ζr½ðAr1 − Ar2Þð1 − eðwr=λrÞÞ þ ðBr1 − Br2Þð1 − eð−wr=λrÞÞ: ðA12Þ
Finally, we obtain the parameters
∂x1T ¼ ΔTL −
L1Pr
Lξr
; ∂x2T ¼ ΔTL þ
ðL − L1ÞPr
Lξr
; Ar1 ¼
ξrΔT
ð1þ eðwr=λrÞÞL −
PrL1
ð1þ eðwr=λrÞÞL ;
Br1 ¼ −
ξrΔT
ð1þ e−ðwr=λrÞÞLþ
PrL1
ð1þ e−ðwr=λrÞÞL ; Ar2 ¼
ξrΔT
ð1þ eðwr=λrÞÞLþ
2e2
ℏ
ð1 − coth wrλr Þλr
Θrσr
jSyb þ
PrðL − L1Þ
ð1þ eðwr=λrÞÞL ;
Br2 ¼ −
ξrΔT
ð1þ e−ðwr=λrÞÞL −
2e2
ℏ
ð1þ coth wrλr Þλr
Θσr
jSyb −
PrðL − L1Þ
ð1þ eðwr=λrÞÞL ; ðA13Þ
where Pr ¼ ð4e2=ℏÞfðλrζrξrÞ=½Θσr(κrwr cothðwr=2λrÞ − 2ξrζr)gjSyb. Thus, the solutions of the spin-diffusion equation
for the region ΩR1ðΩR3Þ and ðΩR1Þ are
μSr1 ¼ μSr3 ¼ −
ξr sinh
wrþ2y
2λr
L cosh wrλr
ΔT þ 4e
2
ℏ
jSyb
λrζrξrL1ðsinh yλr − sinh
wrþy
λr
Þ
Θσr½ð1þ cosh wrλr Þκrwr − 2ξrζr sinh
wr
λr
L ;
μSr2 ¼ −
ξr sinh
wrþ2y
2λr
L cosh wr
2λr
ΔT −
λr
Θσr
4e2
ℏ
jSyb
cosh wrþyλr
sinh wrλr
−
ζrξrðcosh yλr − cosh
wrþy
λr
ÞðL − L1Þ
½ð1þ cosh wrλr Þκrwr − 2ξrζr sinh
wr
λr
L

: ðA14Þ
Thus,
μSr2jy¼0 ¼ −
ξr tanh
wr
2λr
L
ΔT þ

−
coth wrλr λr
Θσr
þ
λrζrξrðL − L1Þ tanh wr2λr
Θð−κrwr coth wr2λr þ 2ξrζrÞσrL

4e2
ℏ
jSyb: ðA15Þ
Taking A1, B1, ∂x1T into Eq. (A3), we can determine the
heat current JQx ,
JQx ¼

−κrwrþ2ξrζr tanh
wr
2λr

ΔT
L
þ4e
2
ℏ
L1ζrλr tanh
wr
2λr
LΘσr
jSyb:
ðA16Þ
APPENDIX B: THE TRANSPORT
EQUATION FOR THE LEFT ARM
IN THE LINEAR-RESPONSE REGIME
When reaching equilibrium, the charge- and spin current
densities in the left arm can be written as

jcx
2e
ℏ j
S
y

¼ σl

1 θSHl
−θSHl 1
 −∂xμcl =e
−∂yμSl =2e

; ðB1Þ
leading to
jcx ¼ −σl
∂xμcl
e
− σlθSHl
∂yμSl
2e
;
jSy ¼
ℏ
2e
σlθSHl
∂xμcl
e
−
ℏ
2e
σl
∂yμSl
2e
: ðB2Þ
Similarly, the left arm can be divided into three regions
ΩL1;2;3 as the right arm (for details, see the main text). The
voltage drop difference in each region is assumed to be
uniform, which leads to
ΔV1 ¼ −
L − L1
2
∂xμcl1
e

;
ΔV2 ¼ −L1
∂xμcl2
e

;
ΔV3 ¼ −
L − L1
2
∂xμcl3
e

; ðB3Þ
where ΔV1;ΔV2, and ΔV3 represent the voltage drops
developed in each corresponding region, respectively.
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ΔV ¼ Vjx¼0 − Vjx¼L ¼ ΔV1 þ ΔV2 þ ΔV3 is the total
voltage drop induced in the left arm and is found to be
ΔV ¼ L1 − L
2e
ð∂xμcl1 þ ∂xμcl3Þ − L1e ∂xμ
c
l2: ðB4Þ
Analogously, the spin electrochemical potential μSli
(i ¼ 1, 2, 3 is the region index) also obeys the spin-
diffusion equation (∂2yμSli ¼ ðμSli=λ2l Þ), which yields
μSli ¼ Alie−ðy=λlÞ þ Blieðy=λlÞ;
∂yμSli ¼ −Aliλl e
−ðy=λlÞ þ Bli
λl
eðy=λlÞ: ðB5Þ
Similarly, the spin current density conservation at the
boundaries y ¼ wl þ d, d produce jSyðy ¼ dþ wlÞ ¼ 0 (all
regions Ωl1;Ωl2;Ωl3) and jSyðy ¼ dÞ ¼ 0 (for regions Ωl1
and Ωl3) but jSyðy ¼ dÞ ¼ jSyb (for region Ωl2). Thus, we
obtain
2θSHlλl∂xμcli þ Alie−ðwlþd=λlÞ ¼ Blieðwlþd=λlÞ where i ¼ 1; 2; 3;
2θSHlλl∂xμcli þ Alie−ðd=λlÞ ¼ Blieðd=λlÞ; where i ¼ 1; 3;
θSHlσl
e
∂xμcl2 þ σl2eλ ðAl2e
−ðd=λlÞ − Bl2eðd=λlÞÞ ¼
2e
ℏ
jSyb: ðB6Þ
Meanwhile, owing to the charge-current ðJcx ¼
R wlþd
d j
c
xdyÞ conservation at the boundaries x1 and x2, we can have
Jcxjxþ
1
¼ Jcxjx−
1
and Jcxjxþ
1
¼ Jcxjx−
2
. Therefore, the charge current is
Jcxi ¼
Z
wlþd
d
jcxidy ¼
Z
wlþd
d

−
σl
e
∂xμcli − σlθSHl2e ∂yμ
S
li

dy ¼ −wlσl
e
∂xμcli − σlθSHl2e
Z
wlþd
d

−Ali
λl
e−ðy=λlÞ þ Bli
λl
eðy=λlÞ

dy
¼ −wlσl
e
∂xμcli − σlθSHl2e ½Alie
ð−d=λlÞðeð−wl=λlÞ − 1ÞþBlieðd=λlÞðeðwl=λlÞ − 1Þ ðB7Þ
and
wlσl
e
∂xμcl1 þ σlθSHl2e ½Al1EX
− þ Bl1EXþ ¼
wlσl
e
∂xμcl2 þ σlθSHl2e ½Al2EX
− þ Bl2EXþ
¼ wlσl
e
∂xμcl3 þ σlθSHl2e ½Al3EX
− þ Bl3EXþ; ðB8Þ
where EX ¼ eðd=λlÞðeðwl=λlÞ − 1Þ.
The coefficients Al1, Bl1, ∂xμcl1 can be proved to be equal
to Al3, Bl3, ∂xμcl3. Namely, the spin electrochemical
potential distribution and temperature gradient in the region
Ωl1 is similar to that in region Ωl3. We show the details
below. According to Eq. (B6), we have
θSHl
e
∂xμcl1þ 12eλl ðAl1e
−ðwlþd=λlÞ−Bl1eðwlþd=λlÞÞ ¼ 0;
θSHl
e
∂xμcl1þ 12eλl ðAl1e
−ðd=λlÞ−Bl1eðd=λlÞÞ ¼ 0;
θSHl
e
∂xμcl3þ 12eλl ðAl3e
−ðwlþd=λlÞ−Bl3eðwlþd=λlÞÞ ¼ 0;
θSHl
e
∂xμcl3þ 12eλl ðAl3e
−ðd=λlÞ−Bl3eðd=λlÞÞ ¼ 0. ðB9Þ
This leads us to
Al1 ¼ −
2eðwlþd=λlÞθSHlλl
1þ eðwl=λlÞ ∂xμ
c
l1;
Bl1 ¼
2eð−d=λlÞθSHlλl
1þ eðwl=λlÞ ∂xμ
c
l1;
Al3 ¼ −
2eðwþd=λlÞθSHlλl
1þ eðwl=λlÞ ∂xμ
c
l3;
Bl3 ¼
2eð−d=λlÞθSHlλl
1þ eðwl=λlÞ ∂xμ
c
l3: ðB10Þ
From Eq. (B8), we obtain
2wl
θSHl
ð∂xμcl3 − ∂xμcl1Þ ¼ ðAl1 − Al3ÞEX− þ ðBl1 − Bl3ÞEXþ:
ðB11Þ
Taking Al1; Bl1; Al3; Bl3 in Eq. (B10) into the above
equation leads to
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
θSHlλl cosh
d
λl
tanh
wl
2λl
−
wl
θSHl

ð∂xμcl1−∂xμcl3Þ¼ 0: ðB12Þ
Because of the inequality 2θSHlλlcoshðd=λlÞtanhðwl=2λlÞ ≠ −ð2wl=θSHlÞ, we have
∂xμcl1 ¼ ∂xμcl3 ⇒

Al1 ¼ Al3;
Bl1 ¼ Bl3:
ðB13Þ
After rearrangement, we obtain six equations with six independent coefficients,
θSHlσl
e
∂xμcl2 þ σl2eλl ðAl2e
−ðd=λlÞ − Bl2eðd=λlÞÞ ¼
2e
ℏ
jSyb;
θSHl
e
∂xμcl2 þ 12eλl ðAl2e
−ðwlþd=λlÞ − Bl2eðwlþd=λlÞÞ ¼ 0;
Al1 ¼ −
2eðwlþd=λlÞθSHlλl
1þ eðwl=λlÞ ∂xμ
c
l1;
2eð−d=λlÞθSHlλl
1þ eðwl=λlÞ ∂xμ
c
l1 ¼ Bl1; ðL1 − LÞ∂xμcl1 − L1∂xμcl2 ¼ eΔV;
2wl
θSHll
ð∂xμcl2 − ∂xμcl1Þ − ðAl1 − Al2Þeð−d=λlÞðeð−wl=λlÞ − 1Þ ¼ ðBl1 − Bl2Þeðd=λlÞðeðwl=λlÞ − 1Þ; ðB14Þ
which produce
∂xμcl1 ¼ − eΔVL −
2e2
ℏ j
S
ybθSHlλlL1
Lðwlσl coth wl2λl þ 2θ2SHlλlσlÞ
;
∂xμcl2 ¼ − eΔVL þ
2e2
ℏ j
S
ybθSHlλlðL − L1Þ
Lðwlσl coth wl2λl þ 2θ2SHlλlσlÞ
;
Al1 ¼
2eðwlþd=λlÞθSHlλle
Lð1þ eðwl=λlÞÞ ΔV þ
L1eðwlþd=λlÞPl
L
;
Bl1 ¼ −
2eð−d=λlÞθSHlλle
Lð1þ eðwl=λlÞÞ ΔV −
λ2l L1e
ð−d=λlÞPl
L
;
Al2 ¼
2eðwlþd=λlÞθSHlλle
Lð1þ eðwl=λlÞÞ ΔV −
ðL − L1Þeðwlþd=λlÞPl
L
þ
ð−1þ coth wlλl Þλleðdþ2wl=λlÞ
σl
2e2
ℏ
jSyb;
Bl2 ¼ −
2eð−d=λlÞθSHlλle
Lð1þ eðw=λlÞÞ ΔV þ
ðL − L1Þeð−d=λlÞPl
L
þ
ð−1þ coth wlλl Þλleð−d=λlÞ
σl
2e2
ℏ
jSyb;
where Pl ¼ ð4e2=ℏÞfðθ2SHlλ2l L1Þ=ð1 þ eðwl=λlÞÞ×½wlσlcothðwl=2λlÞ þ 2θ2SHlλlσlgjSyb.
Owing to d ≪ wl, here we can approximate wl þ d ≈ wl.
The charge current Jcxi in Eq. (B7) and the spin electro-
chemical potential μSl2 are given by, respectively,
Jcx ¼
ΔVσl
L

wl þ 2θ2SHlλl tanh
wl
2λl

þ L1
L
θSHlλl tanh

wl
2λl

2e
ℏ
jSyb; ðB15Þ
μSl2 ¼
2e sinhð2dþwl−2y
2λl
ÞθSHlλl
L cosh wl
2λl
ΔV þ
cosh dþwl−yλl
sinh wlλl
þ
ðcosh d−yλl − cosh
dþwl−y
λl
ÞðL − LlÞθ2SHl
ðwlλl þ
wl
λl
cosh wlλl þ 2θ2SHl sinh
wl
λl
ÞL

4e2λl
σlℏ
jSyb:
ðB16Þ
APPENDIX C: THE SPIN CURRENT
DENSITY jSyb IN THE BRIDGE
As we illustrate in the main text, it is reasonable to
assume that the spin current in the bridge regime is
uniform, and there is not spin electrochemcial potential
accumulation, i.e., ΔuS ¼ 0, leading to μSjy¼0 ¼ μSjy¼d.
Taking the expression of μSjy¼0 (μSjy¼d) in Eqs. (A15) and
(B16) into this equation, we can determine the spin current
density jSyb as the function of temperature difference ΔT in
the right arm and the voltage drop ΔV in the left arm,
jSyb ¼ −
ℏ
2e

θSHlλl tanh
wl
2λl
L
ΔV þ
ξr tanh
wr
2λr
2Le
ΔT

×

λr coth
wr
λr
Θσr
þ
λl coth
wl
λl
σl
−
ðL−L1Þλr
LηrΘσr
−
ðL−L1Þλl
Lτlσl

;
ðC1Þ
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where
ηr ¼ Θ coth

wr
2λr
−κrwr coth wr2λr
ξrζr
þ 2

;
τl ¼ coth

wl
2λl

wl
λl
coth wl
2λl
θ2SHl
þ 2

;
ξrζr ¼ −
ðθSHrσrSr þ 2eℏ αSxyÞ2
Θσr
λrT: ðC2Þ
For simplicity, we introduce a parameter Ξ as
Ξ ¼
λr coth
wr
λr
Θσr
þ
λl coth
wl
λl
σl
−
ðL − L1Þλr
ηrLσr
−
ðL − L1Þλl
τlLσl
:
ðC3Þ
Hence, spin current jSyb can be written as
2e
ℏ
jSyb ¼ −
θSHlλl tanh
wl
2λl
LΞ
ΔV −
ξr tanh
wr
2λr
2LeΞ
ΔT: ðC4Þ
APPENDIX D: THE FORMULAS OF FIGURE
OF MERIT ZTH IN THE H-SHAPED DEVICE
The heat current JQ [i.e., J
Q
x in Eq. (A16)] in the right
arm and charge current Jc [namely, Jcx in Eq. (B15)] in the
left arm are found to be expressed as a linear function
temperature difference ΔT (voltage drop ΔV) in the right
(left) arm and spin current density jSyb in the bridge region,
respectively, whereas jSyb can be given as a linear function
of ΔT and ΔV in Eq. (C4). Hence, the JQ (Jc) is also
written as the linear function of ΔT and ΔV,
JQ ¼
−κrwr þ 2ξrζr tanh wr2λr
L
−
L1ξrζrλrtanh2
wr
2λr
L2ΘσrΞ

× ΔT þ
L1θSHlλlξr tanh
wr
2λr
tanh wl
2λl
2eL2Ξ
TΔV;
Jc ¼
σlðwl þ 2θ2SHlλl tanh wl2λlÞ
L
−
L1θ2SHlλ
2
l tanh
2 wl
2λl
L2Ξ

× ΔV −
L1θSHlλlξr tanh
wr
2λr
tanh wl
2λl
2eL2Ξ
ΔT: ðD1Þ
Here,we can define the effective charge conductanceGH ¼
ðJc=ΔVÞΔT¼0, thermal conductance KH ¼ −ðJQ=ΔTÞJc¼0,
and the Peltier coefficient ΠH ¼ ðJQ=JcÞΔT¼0, the “Nernst
signal” SH ¼ ðΔV=ΔTÞJc¼0, the Nernst conductance AH ¼
−ðJC=ΔTÞΔV¼0,
GH ¼
σ1ðwl þ 2θ2SHlλl tanh wl2λlÞ
L
−
L1θ2SHlλ
2
l tanh
2 wl
2λl
L2Ξ
;
AH ¼
L1θSHlλlξr tanh
wr
2λr
tanh wl
2λl
2eL2Ξ
;
ΠH ¼
AH
GH
T; SH ¼
AH
GH
;
KH ¼
κrwr − 2ξrζr tanh
wr
2λr
L
þ
L1ξrζrλrtanh2
wr
2λr
L2ðθ2SHr þ 1ÞσrΞ
−
ðAHÞ2T
GH
:
ðD2Þ
From Eqs. (D1) and (D2), one can obtain

Jc
JQ

¼ GH
 1; AHGH
ΠH;
KH
GH
þ AHGHΠH
 ΔV
−ΔT

¼ GH
 1; AHGH
AHT
GH
; KHGH þ
AH
GH
AHT
GH
 ΔV
−ΔT

: ðD3Þ
Thus, the open voltage Vopen (namely, the charge current
Jc ¼ 0) is found to be
Vopen ¼
AH
GH
ΔT
¼
L1θSHlξr tanh
wr
2λr
tanh wl
2λl
ΔT
2σ1ðwlλl þ 2θ2SHl tanh
wl
2λl
ÞΞeL− 2L1θ2SHlλltanh2 wl2λl e
:
ðD4Þ
Here, we introduce the dimensionless coefficient
Ξ0 ¼ Ξðσ1=λlÞ, and if we take the formulas of ξr into
Eq. (C2), we can obtain
Vopen ¼
AH
GH
ΔT
¼
θSHl tanh
wr
2λr
tanh wl
2λl
ðθSHrSr þ
2e
ℏα
S
xy
σr
Þ
ðwlλl þ 2θ2SHl tanh
wl
2λl
ÞΞ0 LL1 − θ2SHltanh2
wl
2λl
λr
λl
ΔT
Θ
:
ðD5Þ
The induced voltage in the left arm by the temperature
difference ΔT via the combination of the spin Nernst
effect and inverse spin Hall effect is ðAH=GHÞΔT (ΔT ¼
Tcold − Thot; jΔTj ¼ −ΔT), Therefore, the voltage drop on
the load (output voltage) is found to be
V ¼ AH
GH
jΔTj − JcRH: ðD6Þ
The output power W can then be represented as a
function of Jc,
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W ¼ VJc ¼ Jc
AH
GH
jΔTj − J2cRH: ðD7Þ
From Eq. (D3), we can have
ΔV ¼ Jc
GH
þ AH
GH
ΔT: ðD8Þ
Given that
JQ ¼ AHTΔV −

KH þ
AHAH
GH
T

ΔT
¼ AHT

Jc
GH
þ AH
GH
ΔT

−

KH þ
AHAH
GH
T

ΔT
¼ AH
GH
TJc − KHΔT
¼ AH
GH
TJc þ KHjΔTj; ðD9Þ
the power-conversion efficiency can also be given as a
function of Jc,
ηðJcÞ ¼
W
JQ
¼
Jc
AH
GH
jΔTj − J2cRH
AH
GH
TJc þ KHjΔTj
: ðD10Þ
The maximum efficiency of this power-conversion
scheme ηSNEmax is reached at the optimal J
opt
c ,
Joptc ¼
jΔTj AHGH
RH þ Ropload
; Roptload ¼ RH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðZTÞH
p
: ðD11Þ
Thus,
ηSNEmax ¼
jΔTj
T
2þ ðZTÞH − 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðZTÞH
p
ðZTÞH
¼ jΔTj
T
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðZTÞH
p
− 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðZTÞH
p þ 1 : ðD12Þ
The value of the spin Nernst figure of merit for the ISHE
scheme is
ðZTÞH ¼
ðAHÞ2RH
KH
T ¼ ðSHÞ
2
KHRH
T: ðD13Þ
Taking the expressions AH, RH, KH in Eq. (D2) into it,
we can determine the ZT value of the H-shaped system
ðZTÞH ¼
1
m− 1
;
where m¼

−1þ L
L1
Ξ0 coth

wl
2λl

wl
λl
coth wl
2λl
θ2SHl
þ 2

×

−1þLΞ
00
L1
Θcoth

wr
2λr

wr
λr
coth wr
2λr
br
þ 2

;
ðD14Þ
where Ξ0 ¼ Ξðσ1=λlÞ;Ξ00 ¼ Ξðσr=λrÞ.
APPENDIX E: SOME COMMENTS
ON THE H-SHAPED DEVICE
Our comments on applying the temperature gradient to
the right arm are as follows.
(1) In our conceptual study, the temperature gradient is
assumed to exist only in one arm of the H-shaped
device. We believe this can be achieved in experi-
ments. For example, heater coils and laser beams
have been used in experiments. For the latter, the
size and position of the laser spots can be controlled
precisely in experiments: The laser spots can be
positioned between contacts which are about 1 μm
away from each other [33]. Therefore, it should be
possible to control the position of the laser beam to
the right arm of the H-shaped detector.
(2) Furthermore, one arm of the H-shaped detector can
be made longer with a larger-sized pad so that the
laser spot can be easily applied to the pad.
Our comments on having the temperature gradient in the
two arms simultaneously are as follows. If the left arm
unintentionally experiences a temperature gradient, the
Seebeck effect may cause an even larger voltage drop at
the two ends of the left arm. Moreover, the temperature
gradient on the left arm is in the same direction as that in the
right arm; it induces a transverse spin current in the same
direction as that induced by the right-arm temperature
gradient. Therefore, the left gradient does not cancel the
effect due to the right temperature gradient but instead
enhances the total output. To make the discussion simple
and clear, we consider only the situation where the temper-
ature is applied to the right arm.
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